ABSTRACT. The purpose of the paper is an investigation of compactness properties of a family of solutions of a BGK-type model for near equilibrium kinetic densities for the system of the Euler equations for isentropic flows. 0.1. Introduction. In the half-plane (x,t) ∈ (R d × R + ), d ≥ 1, we consider the system of the Euler equations for isentropic flows with the polytropy constant γ = 1 + 2 d , which corresponds to flows of monatomic gases:
0.1. Introduction. In the half-plane (x,t) ∈ (R d × R + ), d ≥ 1, we consider the system of the Euler equations for isentropic flows with the polytropy constant γ = 1 + (1) ∂ t ρ + div x (ρu) = 0 ∂ t (ρu j ) + div x (ρu j u) + ∂ x j p = 0, j = 1..d, p = κρ 1+2/d . Here the positive constant κ determined by S 0 -the entropy of the gas, which is assumed to be constant:
where c v is the heat capacity at constant volume, and R is the universal gas constant.
The system of equations is supplemented with the initial data:
(ρ, ρu)(t = 0) = (ρ 0 (x), m 0 (x)), x ∈ R d .
The system has a kinetic representation, see for example [12] ; if (ρ, u) is a solution of (1), then the kinetic density (2) f (x,t, v) = c 0 χ |v − u(x,t)|
, where c 0 = |B 0 | −1 and χ(r) = 1 [0,
√ dκ] (r), verifies the the equations
For fixed (ρ, u), the kinetic density Date: June 18, 2015. This work was supported by the NSF grant DMS 1108048. 1 where the minimization is over the set of non-negative functions f with fixed moments: (6) ρ = f dv, ρu = v f dv.
The moment |v| 2 f dv represents the kinetic(microscopic) entropy, which agrees with the macroscopic entropy for f as in (4):
For all other kinetic densities restricted by (6),
Since solutions of (1) are not unique in general, an additional condition is introduced to further restrict the class of solutions. The solutions are required to verify the entropy inequality:
, which, at the microscopic level, is represented by the inequality
In dimension one, the system (1) admits not only entropy S, by the class of of convex in (ρ, m) entropies
for any convex function ψ = ψ(v). The large family of entropies is a key property for establishing existence of weak solutions of (1), which alongside with (9) verify entropy inequality for each S ψ . Results on the existence of the weak solutions in dimension one are numerous; starting with the solutions to the Riemann problem, solutions with bounded variation, and culminating at the theory of weak entropy solutions, [5] .
In connection with the kinetic representation of the Euler equations, it shown in [8] that (ρ, m) is a weak entropy solution with respect to the family {S ψ }, iff the kinetic function from (2) is a weak solution of the kinetic equation
v m, form some finite Radon measure m ∈ M + (R 3 + ). Let us discuss in more details the kinetic representation of the Euler equations. The kinetic representation "linearizes" the non-linear flux (ρu, ρu ⊗ u + p), which corresponds to the term v · ∇ x f in the kinetic representation, but, it also restricts the values of f (x,t, ·) to a non-linear manifold of the equilibrium densities M .
An approximation of the kinetic representation is a BGK model, which does not have that restriction, and instead penalizes density f for begin away from the set of equilibria M :
Here, ε > 0 is the relaxation time, and Π f is the "projection" of f (x,t, ·) to M :
A Cauchy problem for (11) has a unique solution, for appropriate f 0 , and one attempts to take the limit ε → 0, for the family of solutions lim f ε = f , in order to recover the constraint f (x,t, ·) ∈ M , and thus, a solution
of the Euler equations (1). This is so-called the problem of hydrodynamic limit from (11) to (1). The limit was validated in any dimension d ≥ 1, with γ ∈ [1, +∞), assuming that (ρ, m) is a classical solution of (1), in [2] . In dimension one, the hydrodynamic limit to the Euler equations for the class of weak solutions was proved in [1] , under the assumption that the moments (ρ ε (x,t), m ε (x,t)) are uniformly bounded in (x,t, ε). The result of [2] is based on a the stability of smooth solutions of (1) and the result of [1] uses the compensated compactness argument, applied to the system of PDEs verified by (ρ ε , m ε ). Let us note here that while the projection f → Π f decreases the entropy |v| 2 f dv, it does not decrease other entropies ψ(v) f dv, even in dimension one, where one expects that the weak solutions verify entropy dissipation inequalities for any S ψ (ρ, m) with a convex ψ. The lack of entropies seems to be an obstacle in controlling the shape of the kinetic density. It is even more subtle issue, giving the fact that the Euler equations can be obtained from different sets of equilibrium densities (of different shapes).
In this paper we attempt to relax the condition that the limiting kinetic density has the equilibrium shape, by allowing small deviations that are controlled in a suitable way. Our main finding, is that giving arbitrary small error δ , there is a kinetic model that a) admits large class of convex, linear, kinetic entropies; b) is stable in a suitable way; and c) (1, v) moment of the kinetic density is a weak solutions of an approximately isentropic Euler equations:
where the pressure p(x,t) varies between
The deviation from the equilibrium density is measured by
, where
Our approach is rather straightforward and it takes advantage of the fact the system admits linear, convex, kinetic entropy corresponding to the moment |v| 2 . The entropies of this type are convenient for studying the compactness properties of BGK models, [10] . In this paper show that for any δ > 0, there is ∆ > 0 and a weak solution f of the system of equations
and kinetic entropy inequalities
Moreover, for a.e. (x,t),
It easy to verify that for such density f , its moments (ρ, ρu) solve the problem (12), (13). Our main result is theorem 2 on page 7 that establishes the existence of solutions of (14)- (17).
Main result.
A solution of (14)- (17) is obtained in the limit of the relaxation parameter ε in a BGK-type model described below. In order to simplify the notation we assume that c 0 in (2) equals 1. This only amounts to rescaling kinetic densities and equations.
Denote the set E
Consider a kinetic equation
with the initial data f (t = 0) = f 0 , such that
The BGK model (18) penalizes only large deviations from the equilibrium.
Theorem 1. For any pair of positive numbers (ε, δ ), and f 0 as above there is exists a weak so-
(R 2d )) of (18) with the initial data f 0 , that verifies the following properties. i:
For any function ψ(v) as in (16),
iii: There is C(δ ) > 0 such that
We postpone the prove of the theorem to Appendix 1, and at this point we only explain how the properties i.-v. are obtained.
Property (20) is the energy estimate obtained by multiplying the equation (18) by |v| 2 and integrating in all variables. (21) follows from (8) .
Inequalities (22) follow from since for all (x,t) ∈ E δ f ε ,
when ∆ is sufficiently small. Estimates (23), (24), (25) follow from the energy estimate (20) and the fact that for (x,t) ∈ E δ f ε ,
Estimates (24), (25) imply that the right-hand side of the equation (18) is uniformly in ε bounded in L 1 (Q T × R d ), and for the kinetic equations with L 1 right-hand side, lemma 2 of [11] establishes (26).
In next, we collect the compactness properties of the family { f ε }.
ii: For any i, j = 1..d, moments
iii: There is f ∈ [0, 1] a.e. (x,t, v), and (ρ, m, s) ∈ L 1 loc (Q T ), and a subsequence of { f ε }, (still labeled by ε), such that 
Remark 1.
In dimension one, assuming that supp f 0 (x, ·) ∈ [−R, R], for some R > 0, one can show the existence of the kinetic density f such that property iv. holds for a.e. (x,t) ∈ {ρ(x,t) > 0}.
is an admissible test function, if h is sufficiently small (depending on δ and φ ). Using part ii. of theorem 1 we conclude that 1
Since f ε is uniformly bounded, from equation (18) we conclude that 1
The compactness of embedding
loc (Q T ). Thus, the averaging theorem of Gérard holds, see theorem 1.5 of [3] , which states
Because f ε is uniformly bounded, (28) follows.
Property (29) holds, since from property (26) , for any compact set K ⊂ Q T , uniformly in ε,
where B R is a ball of radius R, centered at the origin. Part iii. is a simple consequence of parts i. and ii. For part iv., lets denote
By (23)
Thus, for any compact
Using the compactness properties stated in parts i.-iii. of the lemma, there is a subsequence, still labeled { f ε }, such that
. By (33) the limit is non-positive and part iv. of the lemma holds.
Thus we proved the following Theorem 2. For any δ , T > 0, and f 0 as in
The solutions are stable in the following sense.
Theorem 3. Let { f 0,ε } be a family on initial data verifying (19) with the uniform bound in L 1
(R 2d )) be a corresponding family of the weak solutions from theorem 2. There is a sequence, still labeled, { f ε }, and f ∈ L ∞ (0, T : L 1
and f is a weak solution of (14)- (17) with the initial data f 0 .
The proof of the theorem repeats the arguments of the lemma 1 and is omitted. 0.3. Appendix. In this section we prove the existence part of theorem 1. As ε (and δ ) is fixed through this section, to simplify the notation, we set it to 1, and consider the problem
To show the existence of solutions, we approximate the right-hand side of the equation by a Lipschitz continuous operator and using the fact that v · ∇ x is a generator of C 0 -semigroup on an appropriate space, we obtain a unique solution of the problem. Then, we will use an averaging lemma, to pass to the limit of the approximating parameter.
Let X be a Banach space L 1
(R 2d ), the space of integrable with weight (1 + |v| 2 ) functions.
where (ρ, m, s) are the (1, v, |v| 2 /2) moments of f (x, ·), and
The above functions restrict the projection to the points where the characteristic speed |u| + √ dκρ 1/d is bounded by 1/r, and in the limit r → 0, I r approximates 1 E δ f .
We will need the following properties of L r , which follows directly from the definition of L r .
Lemma 2. i. L r is uniformly Lipschitz continuous: there is C = C(r, δ ), such that
Consider the problem
The operator v · ∇ x (·) is an infinitesimal generator of a C 0 -semigroup on X with the domain
see proposition 1, chapter XXI, [4] ; the result shown there for L p , ∀p ∈ [1, +∞), but applies also to the case of X. Since L r is Lipschitz, the classical theory of the evolution equations, see for example theorem 1.2, chapter 6 of [9] , applies, which asserts the existence of a unique weak solution solution, f ∈ C([0, T ]; X), ∀T > 0, of (35). Furthermore, it is easy to verify that if supp f 0 (x, ·) ⊂ {|v| < 2/r}, for a.e. x, then for all t > 0, and a.e. x, supp f (x,t, ·) ⊂ {|v| < 2/r}, The convergence results ii.-iv. of lemma 1 can be repeated to show that there is f = lim f r with the properties stated in theorem 1.
